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Abstract

In this paper, we studied non-stationary Reaction—Diffusion Brusselator systems in
two-dimensional domain by using the first integral method and this method is
based on the theory of commutative algebra. We obtained different types of exact
solution by using types of variable transformations.
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1- Interdiction

In science, many important phenomena in various fields can be described by
nonlinear partial differential equations. When these equations are analyzed, one of
the most important question is the construction of the exact solution of these
equations. The investigation of these solutions plays an important role in the study
of nonlinear phenomena [2].

Recently, introduced a reliable and effective method called Feng's first integral
method to look for travelling wave solutions of nonlinear partial differential
equations. The basic idea of this method is to construct a first integral with
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polynomial coefficients of an explicit form to an equivalent autonomous planar
system by using division theorem. This method in comparison with other methods
has many advantages, it avoids a great deal of complicated and tedious calculation
and provides exact and explicit travelling solution with nigh accuracy. Feng's first
integral method can be used to construct the exact solution for some time fractional
differential equation [3].

The Brusselator model, the nonlinear system of partial differential reaction-
diffusion processes. This Brusselator equation, arises in the modeling of certain
chemical model plays a substantial role in the study of cooperative processes
reaction diffusion of chemical Kkinetics [9]. Reaction-Diffusion models are
reaction-diffusion equations. One of such important reaction-diffusion equations is
known as Brusselator system, which is used to describe mechanism of chemical
reaction-diffusion with non-linear oscillations [10].

Reaction-diffusion systems are well known to self-organize into a variety of spatio-
temporal patterns including, spots, stripes, as well as spatio-temporal chaos and
uniform oscillations. Their existence in out-of-equilibrium states, connection to
idealized chemical systems, and dependence on dimensional parameters, make
them a good test bench for the study of general features of pattern generation and
evolution. In particular, the dependence of these final states on the rate at which
constituents are fed into the system (feed-rate) is of significant interest, since
systems that can exchange matter reaction-diffusion systems represent proxies for
high-level biological system environment. Depending on the value of the feed-rate,
the and energy with the may asymptote into one of many states and thus the
federate can be thought of playing the role of a natural control parameter [5].

2- The First Integral Method

The core structure of the first integral method is presented below [6,1,7].

Stepl. Consider a general nonlinear partial differential equation in the form

E(u, u,, U, Uyy, Uy, ... ) =0 (1)

To find the travelling wave solutions to Equation (1), we introduce the wave
variable
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& =x +ct, (2)
so that
u(x, t) = u(®) (3)

Based on this we use the following changes
d d

=O=%0

d d

3t ()=—c ar ()

8 a* (4)
7= 320

82 d?
E('] = _Cd_fz(.]

and so on for the other derivatives. Using (4) changes the PDE (1) to an ODE

H(x, j—;‘j?“ ) =0
(5)

where u = u(&) is an unknown function, H is a polynomial in the variable u and
its derivatives.
Step2. Suppose the solution of ODE (5) can be written as follows:

u(x, t) = f(&) (6)

and furthermore, we introduce a new independent variable

X©) = @), Y& =L ™)

Step3. Under the conditions of Step 2, Equation (5) can be converted to a system of
nonlinear ODEs as follows

X@=Y(®, @)
Y'(&) = F(X(©),Y(®)

If we can find the integrals to Equation (8), then the general solutions to Equation
(8) can be solved directly. However, in general, it is really difficult for us to realize
this even for one first integral, because for a given plane autonomous system, there
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IS neither a systematic theory that can tell us how to find its first integrals, nor a
logical way for telling us what these first integrals are. We will apply the so-called
Division Theorem to obtain one first integral to Equation (8) which reduces
Equation (5) to a first order integrable ODE. An exact solution to equation (1) is
then obtained by solving this equation.

Division Theorem [4] Suppose that P (w, z) and Q (w, z) are polynomials in
C[w, z] ,and P (w, z) isirreduciblein C[w, z] . If (w, z) vanishes at all
zero points of P (w, z) , then there exists a polynomial G (w, z) inC [w, z]
suchthat @ (w, z) = P (w, z)G (w, z).

The Divisor Theorem follows immediately from the Hilbert—Nullstellensatz
Theorem.

Hilbert—Nullstellensatz Theorem [4] Let K be a field and L be an algebraic
closure of K. Then:
(i) Every ideal y of K[X,,X, , ..., X,,] not containing 1 admits at least one zero

in L™,

(i) Letx (x; ,X5,...,%,) andy (vy,¥,...,V,)  betwo elements of L™. For
the set of polynomials of K[X,,X, , ..., X,,] zero at x to be identical with the set
of polynomials of K[X,,X, , ..., X,,] zero at y, it is necessary and sufficient that
there exists a K — automorphism S of L such that for y; = S(x;) for 1 <i < n.

(iii) For an ideal @ of K[X,,X, , ..., X,,] to be maximal, it is necessary and
sufficient that there exists an x in L™ such that « is the set of polynomials of

KX, X, ,...,X,]zeroat x .

(iv) For a polynomial @ of K[X,,X, , ..., X,,] to be zero on the set of zeros in L*
of anideal y of K[X, X, , ..., X,,] itis necessary and sufficient that there exists an
integer m > 0 such that Q™ € y.
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3. Application

Here we illustrate the first integral equation for the two-dimensional reaction-
diffusion Brusselator system with time dependent coefficients. Let is consider the
two-dimensional reaction-diffusion Brusselator system formula [8]:

du

EzB—Fuzv—(ﬂ—i— Du+aViu
av

—=Au—urv+ aV*v

dt

foru(x,y,t) andv(x,y,t) inatwo-dimensional, where 4,B and « are
suitably given constants

We apply the first integral method presented above on reaction-diffusion
Brusselator system

a _ 24 af, d’f
dg , d?g d?g
—cd—€=ﬂf—f g—|—cx(—d€2+—d€2) ) (10)

where f(&) = ulx,y,t) and g(&) = v(x, y, t) , obtained upon using the wave
variable { = x + y — c t, from the continuity equation u, + v, = 0, also by using
the first integral method we get:

af , dg _
dE dE_O

Integrating, we get
f@O+gl)=a (11)

where a is an integration constant, using (11) in (9) and (10) we get
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1
f”=£[f3+f(A+1]+B—cf’—af2] (12)
g’ = 2—::: [—cg'+ Ag— ad— g* + 2ag® — a’g] (13)

Case 1. Using equation (8) in (12) we have the system.

X@=Y®

V(€)= =[X*+X(A+ 1)+ B —c¥ —aX?] (14)

According to the first integral method, we suppose that X(&) and Y(¢) are the
nontrivial solutions of (14), and F(X,Y) = XI_,a,(X) ¥* isan irreducible
polynomial in the complex domain C[X,¥ ] such that

FX@Y®) = ) a,(X©) V@) =0 (15)

where, a,;(X); (i =0,1,...,v)  are polynomial and a,.(X) + 0. Equation (15)
called the first integral method there exist a polynomial g(X) + h(X)Y in the
complex domain C[X,¥ ] such that:

dF _dF X dFdv . .. h(XJY]i - .

4 dx dz dv az 9 __D“i (16)

We consider » = 1 in equation (16)

a; =a, h(X) (17)
oca

ay———=h(X)a, + g(Xa; (18)

%(XE +(A+1DX—B —aX?) = a, g(X) (19)

Since a;(X); (i = 0,1) are polynomial, then from (17) we have that a, is constant
and h(X) = 0 for simplicity, take a,(X) = 1, and balancing the degrees of g(X)
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and a, (X) we conclude that deg(g(X )) = 1, only. Now suppose that
g(X) = A, X + A,and we obtain from (18) as follows

1 . c
ao =5 AoX —I—(AI—FE)X—FAE

where A, is an arbitrary integration constant. Substituting a, (X),a,(X) and g(X)
in (19) and setting all the coefficients of powers X to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it, we get

Family 1:
1 —cFaya 3B

Ay=F—, Al=——7—— A, =———— 20

0 Va t 3a 2 2¢F2a+a (20
setting (20) in (15) we have the following ordinary differential equations

1 6Ba+c(2cF2ava) 3B

Y =+—FX*+ + — 21

2 2a ( 2a (2cF2a+a) ) 2¢F2ava (1)

If we solve (21) by using (14) and (11), respectively, we have the analytical
solutions of the reaction—diffusion Brusselator systems:

u(x,}r, tj — L (ch, fﬂ.ﬂ.(((x +}I - Ct:] + “;:D) JBI}) _ cg _ EEIB _ "ECGL),

2aa+ 2+ ac 4 rx[-.,-"E o+ c)

(22)

v(x,y,t) =a+

o ([(.’1’+ vV — ij + fﬁ) JBI})_CE — 3B — .'Eca),

2aa + 2vac ( ° 4 rx[{Eaic)
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where

Bo = J—r;r:.c2 (a2 + 6B) +3a?B(4a—3B) ¥ 6(a— 2)azBc ¥ 2a\/ac® — c* and

£, Is an arbitrary integration constant.

Family 2:
1 —cFaya
Ao=F=, M=—go— A=th (29
such that 8, = ”{AJFI:IHC{CTFMW}EQ @ Tacva 2 setting (23) in (15) we have
18 =
the following ordinary differential equations
1 6Ba+c(2cF2ava)
Y =+—FX*+ X+ 24
2 2\a ( 2a (2¢F 2 ava) ) h @8

If we solve (24) by using (14) and (11), respectively, we have the analytical
solutions of the reaction—diffusion Brusselator systems:

a0 = ( +1 )(,92 Bty —ct+E)

— 9ayac — 27aB — ch),

2¢c +2a+a 4[rxrxiw,-'E c)
(25)
— 1 2 + F— ot + —_— -
vix,y,t) =a+ (—,_) (ﬁz tan Ba(x +3 C,_ 1) — 9a~ac—27ab — Qc‘)
2ct+ 2a+a 4[arxifrx c)
where
B2 =

f
|
..\‘I
and £, is an arbitrary integration constant.

= _ ] —_
8alasfy + c2(—8laa® + 8Vap; — 486aB) + ac (15aﬁ1 - 4350:;5*) — 162ay/ac® — 7290262 — §

Case 2: Using equation (8) in (13) we have the system.
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G'(§)= Q)

Q'@ == [6*+Gla+a) +ad—cQ — 2a6?] (26)

According to the first integral method, we suppose that G (¢) and Q(&) are the
nontrivial solutions of (26), and H(G,Q) = X'_, b;(G) Q" is an irreducible
polynomial in the complex domain C[G,@ ] such that

H(6@),Q() = ) b(6() Q') =0 @7

where, b;(G); (i =0,1,...,7)  are polynomial and b, (G) # 0. Equation (27)
called the first integral method there exist a polynomial g(G) + h(G)@ in the
complex domain C[G,@ ] such that:

di dH dG dh’ aQ

df ~dG dg ' dQ dg [QKGHhEGJQ]Zb(GJQ* (28)

We consider » = 1 in equation (28)

b, = b, h(G) (29)
, . Chy

by + o = h(G)by + ()b, (30)

—b, 3 2 2

E(G +Gla+a)+ad—2aG)=b, g(G) (31)

Since b;(G); (i = 0,1) are polynomial, then from (29) we have that b, is constant
and h(G) = 0 for simplicity, take b, (G) = 1, and balancing the degrees of g(G)
and b, (G) we conclude that deg(g(G )) = 1, only. Now suppose that

g(G) = B,G + B,and we obtain from (30) as follows

b, =%BDG2 + (B, —2—) G+ B,
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where B, is an arbitrary integration constant. Substituting b, (G), b, (G) and g(G)
in (31) and setting all the coefficients of powers G to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it, we get

Family 1:

_—ciZav’E 3aA

By =+ By=——
0 t 3a > 2cFdaa

(32)

2l

setting (32) in (27) we have the following ordinary differential equations

(]——|—LGZ—|— SeFdacya c_ 3ad 33
e T 24a 6a 2¢c Fda+a (33)

If we solve (33) by using (26) and (11), respectively, we have the analytical
solutions of the reaction—diffusion Brusselator systems:

r— . _— _
vix,y,t) = ! (}5’3 tan (}5’3 rty—ctt ";‘}) — C-»,Il 2Haa+tc '[*H’nx at 5}),

6vaJ2aa+c 12a2aa+c

(34)
1 ﬁa(x+}?—ct+cf:}) — _
ulx,pt) =a——— — £ tnm( — —c |2Waa+c (#Haat+h) |
Eﬁ..’nxy'h."aa+c( : 12a+2yaa+c v { }

where f3; =J—108aagﬂ+cg (—(MaiS)z)—Zaﬁcz(MQiS)z and

£, IS an arbitrary integration constant.

Family 2:
1 —c+2a+a _ —9a(a+a®)—c? F2aca+8a’a
BD: i._— !Bj_:—\l ,E: :+"u'la [: :] o X [:35:]
Ve 3 18 a*

setting (35) in (27) we have the following ordinary differential equations
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, Sct4acya\ _ _9ala+a®) —c* F 2aca+ 8a’a
2+ Y6 F Va -
(T 18 o~

1
) =t—

(36)

If we solve (36) by using (26) and (11), respectively, we have the analytical
solutions of the reaction—diffusion Brusselator systems:

1 4 f = 3 —
I?(:x,}!,f) =m (ﬁétan(ﬁ (x+l;-2c:t+%— ])—C (4‘\1{.Eﬂ+5)),

(37)

(,{?4 tan(m(x_'_y_ CTH_{E))— c (4Waa¥F 5))

ulx,y,t)=a—

1
12 a 12a

where 5, = J—H (16 @ a® + 40y a+29) +4a(17a+ 9a+8aa c and i,

IS an arbitrary integration constant.

4. Conclusions

In this paper, the first integral method is used for constructing a wide classes of
periodic travelling wave solutions of Reaction—Diffusion Brusselator systems in
two-dimensional system. It was proved that the method is a powerful mathematical
technique for investigating and finding the exact solutions for the partial
differential equations.
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