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Abstract :

In this paper , we overcome and over passing the disadvantages of the
standard LM training algorithm for solving Singular Perturbation Problems in the
case of whether the matrix J(w)rectangular or singular, by the new technique that

we suggest SVD of J and J' . Secondly suggest new calculation of
combination coefficient () that is, u, = ||[E(w)||>. Consider the nonlinear

performance equations E(w) = 0 where E(w): R™ — R™ is continuously
differentiable and has nonempty solution W* and we refer ||-|| to the 2-norm in all

cases .Starting with the suitable choice of the parameter u, we prove that, if
|E(w)|| gives the error bound for some w* & W, then the sequence {wj}

generated using the modified LM algorithm converges super linearly and
quadratically to the solution of equation E(w) = 0.

1. Introduction

All possible solution , can be applied to get the optimal value of weights for
feed forward neural networks. Naturally, local searches are generally gave the local
solutions; once attempt to avoid this limitation. The performance for training varies
depending on the network configuration and error surface for a given problem.
Since the gradient information of error surface is available for the most widely
applied network configurations, the most popular optimization methods have been
variants of gradient based BP algorithms [1]. Of course, this is sometimes the
result of an inseparable combination of network configuration and training
algorithm which limits the freedom to choose the optimization method. For small
networks the problem of local minima can be efficiently avoided by using repeated
trainings, changing the length of step size and randomly initialized weight values
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[4]. Nevertheless, global optimization algorithms may be useful for validation of
an optimal solution achieved by BP training algorithm.

In the training process the parameters of the network are updated as the
following rule [1]:

Wis1 = Wy + nAwy (1)
Where,
n: is learning rate;
Aw,: computed by one of training algorithm.

The learning rate 1 is used to determine the size of the weight update in most
of the training algorithms.

There are several back propagation training algorithms: gradient descent
(GD), and gradient descent with momentum. These two methods are often too slow
for practical problems [3]. This paper consists some training algorithms and its
modification which are high performance process, it can assist to converge faster
than the previous back propagation training algorithms.

2. Performance Functions

Performance functions are used in supervised training type to help update the
network parameters. Supervised training, ANN is provided with the desired output
for each input. The error is defined as the difference between the desired output
and the network output (called actual output). Network parameters are updated
according to one of two performance functions to reduce the network error [1]:

1. Least mean of squared errors (MSE): minimizes the average of the
squared errors.

2. Least sum of squared errors (SSE): minimizes the sums of the squared
errors, it is calculated by:

1
E(x, w) = S 5:12%:1 Eg,m (2)
Where,

X: is the input vector;
w: is the weight vector;
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€p,m . IS the training error at output m when applying input p and it is defined
as:

pom = Opm — Lpm 3)
Where,

d: is the desired output vector;

t: is the actual output vector; and

g. is the gradient defined as the first — order partial derivative of total error
function (2), i.e.,

g (4)

_ 9E(xw) [aE E aE ]T

dw dwy awz'"” dwpr

3. Levenberg-Marquardt Algorithm (trainlm)

Levenberg—Marquardt algorithm (LM) is one of the best training algorithm
which has 2™ order convergence without having to compute the Hessian matrix.
When the performance function has the form of a sum of squares, then the Hessian
matrix can be approximated as J'J and the gradient can be computed as g =
JTE(wy), where J is the Jacobian matrix, which contains first derivatives of the
network errors with respect to the parameters (weights and biases), and E(wy), is a
vector of network errors. The Levenberg—Marquardt algorithm uses the following
approximation to the Hessian matrix [6]:

H~ 7] +ul 5)
Where;
W is always positive, called combination coefficient and I: is the identity matrix.

From equation (5), one may notice that the elements on the main diagonal of
the approximation Hessian matrix will be greater than zero.

Therefore, uses this approximation (equation (5 ) in the following Newton
update:

Wips = Wy — (7] + D7y E(wy), (6)
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when p = 0, this is just Newton’s method, when p is large, this becomes gradient
descent with a small step size [1]. If W is very big, it can be interpreted as the

learning coefficient in the training process (1): 1= z

L frll

The only drawback related to this training algorithm is the exact evaluation of
the Hessian matrix (H) which is computationally intensive. The computation of the
inverse Hessian (H™) is even more computationally intensive [2].

4. Improve Levenberg-Marquardt Training Algorithm

In this thesis, we over passing the drawback of LM algorithm, firstly we
suggest SVD of J and J*, if J(w) isa rectangular matrix or singular, then we use

SVD of J(w). Secondly, we suggest new calculation of py , that is, p;, = ||[E(w)||?.

Consider the nonlinear performance equations:
E(w)=0 (7)

where E(w): R™ — R™ is continuously differentiable and E(x) is Lipschitz
continuous, that is, |E(w,) — E(wy)|l < L|lw, —w,|l, where L is Lipschitz
constant. Suppose that the equation (7) has nonempty solution W* and we refer
||| to the 2-norm in all cases. Starting with the suitable choice of the parameter p,
we prove that, if [|[E(w)]|l gives the error bound for some w* € W, then the
sequence {w;} generated using the modified LM algorithm converges super
linearly to the solution of equation (7).

Now we will take some definitions, hypotheses, axioms and theorems to help the proof
of convergence for modified LM algorithm depending on the above condition.
Definition 1 [5]

Let N be a subset of R™ such that N n W* = @ . We say that [|[E(w)|l provides a local
error bound on N for system (7), if there exists a positive constant ¢ = 0 such that:

IE(w)Il = cdist (w, W*)

Note, if J(w™) is nonsingular depending on solution at w* of equation (7), then w*
represents the unique solution, hence || E(w) || gives an error bound for neighborhood of w*.

5. Convergence of the Improve Levenberg-Marquardt Method
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To study the rate of convergence for the modified LM algorithm, we introduce the
following hypotheses.

Hypothesis 2

Suppose that || E(w)Il is continuously differentiable, and its Jacobian J(w) satisfies
Lipschitz condition for neighborhood of w* € W*, i.e., 3 a positive constants L and
b,less than 1 such that:

J(ws) — J{w Il = Lllw, — wyll (8)
(@) Let [IE(w)l have an error bound on N(w*® b;) to the equation (7), i.e., 3 a constant
¢, which is greater than 0 such that:
IE(w)l = c,dist(w, W*), vw € N(w*, b,) 9)

By Hypothesis 2.2(a), we have:

IE(w,) — E(wy) —J(wy)(wy —wy)ll < Lyllw, — '*"'-“'1"2 Wy wy € N(w*, by) (10)

and, 3 a constant L, >0, such that:
E(w,) — E(wy)ll = Lyllwy, —wyll, Yw, wy € N(w™, by) (11)

Now, to study the convergence of the modified Levenberg-Marquardt algorithm, starting with
the update rule of the weight which is computed by:

Wiss = Wi T Py
where g, is the search direction given as:
P = —(Jw )T (W) + e )7 (Wi ) E(wy,) (12)
for simplicity, we use the notations: E,, = E(w,), J,, = J{w,) from now on.

Hypothesis 3

Suppose that g, = lIE,|I¥ for all k, where & € [1,2] . Yamashita and Fukushima in [5]

showed the quadratic convergence of the Levenberg-Marquardt method for nonsingular system
based on the analyses of an unconstrained optimization problem. Here, we prove the super linear
convergence of the modified LM algorithm (second type) which by choosing g, = IE(w,)II*
then, obtain the convergence of the algorithm depending on the SVD for the Jacobian matrix.We
denote w, the vector in W* that satisfies: lw, — w, || = dist (w,, W*)

Lemmab5.4
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If the hypotheses 2 and 3 are satisfied and w, € N [w*b—] then 3 a constant ¢, = 0
such that: gy |l < c,dist (wy, W*)

(13)
Proof

. b,
Since wy, € N (w*,f), we have:

lw, —wll = I W, —wy +w, —wll = || W, — w*|| + [[w, —w?|
< |lw, —w*|l + lw, —w*ll < b,/2 + b, /2 = by,
Means that w,, € N(w*, by} . Hence from (2.28) it follows
IE, |l = c,dist(w, W*)
And since from hypothesis (3) we have

cillwk - Wk" = ||Ek||

Then from (11) the Levenberg - Marquardt parameter p,, satisfies:

cj_é"mk - Wkllé = Hye = |IEJ{|I5 = Lgéll‘?k - Wkllé (14)
Define,
Q(p) = B, + ]y plI* + i ll oI

(15)
From (12) it follows that gy, is a fixed point of @, ( 2). Since,

w, € N[:Wsybl:] and bl = 1, we get: ”Ple = Qkh.gk}
'
Since, wy., = w, + p,

Then, by definition of @, ( o) we have:

||,G‘ I < Qk(mk B ij _ ”Ek -|-J|l’k[:ﬁ-k - ij": +I-'Lk||'|-'T7k - W;{":
LF = =
Hy

My
_ | Ey, + Ji (W — ij":

+ ||'|-Tf'k - 'W;l{”2
Hy

From (10) and since [ciallﬁk —wlP=p, = i < ¢, 8w, — wkll";]

M
Then we have
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< Lic, ¢ llw, — w,ll* W, —w, I8 + llw, — w,II?
< Lie, 8 1wy, —will*70 + (1%, — w1
< (L3¢, 7% + 1)llw, —w,II?
The above inequality implies that:
lpell </ (L3c,7% + 1) lwy, — w I
From hypothesis (2.3) we get
lpyll = cydist (wy, W*)
Where ¢, =/12¢, ¥ +1

Lemmab5.5

If the hypotheses 2 and 3 are satisfied and w4, w, € N (w*,b'} then we have:

-
T

+8

dist(Wyyq, W*) = dist(wy, + pp., W*) = cadist (wy, W) = (16)
| o
Where ¢; = (1} L3+ 154 L,ch )fcl
Proof
Since @ (py) = Q. (W, —w,Jand w,,, = w, + p,
I Ex + (W — wid 7 + p 19, — w2 (by definition of Q. (p, ))
< Lilwy, — wy I* + g llwy, — w 1P (by (10))
< L1l — wi I* + LolIwy, — w 1211w, — w ]I (by (14))
= L} |lw, — w,||* + LS |lw, — w, ||*7¢ < (L3 + L) llw, — w lI**8
By Taylor series we get
|IE(WJ{ + JGJ{:]” = |IE(WJ{+1:]|I = ||Ek + Py Il + Llllﬁ‘;{":
= Qo) + Lyl lI? ( by definition of @, (2,))

[
= wll Li+ Lﬂ; [, —wy 1246 + Ll""% [liw, — wy 112 (by (13))
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- - 48 , ,
E..JL‘:L—F Lg IIErk—wkll 2 + Ly "'lT-’k_WklP

[ 1 . 244
= ﬂJL*i + 15+ Lycs |llw, —w, || 2
Multiplying both sides of the last inequality byci we get

1 1
—E(w, +p )l = —
c c

(
1 1

248
ﬂJ'Li + L5+ Llci)dist (W W*) 2
since,  EGwy + oyl 2 eydist (wy + oy W) (by )

Then  dist(w, + p,, W*) < = IE(w, + p)l

+8

Hence, dist(w, + p,, W¥) gi lE(w, + p )l = cydist(w, W*) =,

2418 41,62

Wherecy, =2

Ty

Theorem 5.6

If the hypotheses (2) and (3) are satisfied and w, is chosen to be sufficiently near to
W*, thenw,., = w, + p, converges super linearly to the solution w of equation (7).

Proof

o, b, 1 . . . )
Let r = min {:n:1+ PR :.:;*’5} . Firstly by induction, we show that:

. b,
If wy, € N(w™,r) e, [lwy, —w*|| < rthen wy € N(w*,f] for all k.

From lemma 2.4, it follows that:

[y —wrll = llwy + o5 — w*ll = llwg — w*l + llgg |l
= |IWD - ngl + Cgllwg _ﬁull (by (13))
b
= (l4cir= El

Which means wy; € N (w*b—) . Suppose w; € N(w*,}%) fori=2,..,k

&
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Then we have (from Lemma 2.5):

_ _ 2 (2 (225’
lw; —will < cgllwyy — w42 = = €3 ° llwp — w2
af e pd Y 215t 245!
i(f?}—” l:'2+<':-“}i 1 (7)1 1T 1yt
<c lwy —wellvz2 ) = r(—) =r (—) (—)
3 2 2 2

&

&) .
=r(3) <2 (3)
So, from the definition of r, we get:
lwisy — woll = llwgyy — wi + vy — Wl
=< llwisq —will + llwy — wll
= gl + llwy — wi_y + wiy — w7l
= llpg Il + Nlwy —wi—g I + llwey — w2l
= llpell + lpg—q I + llw—y — Wiy + vy, — w7l
< ol + Nlpg—q I + llwy—y — wy o Il + llwep —w*ll
= llpell + oy Il + llog—z Il + NIy —w*ll
< gl + Nppems | + ozl + - + || 22—y || + | Wiem ey — W
< ol + lpg—q I+ llpg—zll + -+ oy Il + llwy —wl|

Hence, |IW|_.;+1 - Wsll = |IW1 - ngl + Ei_k:j_llpi |I
k
<(1+4+cyr+rc, Z"Wl —w
i=1

i
= 1)

1
<(1+cir+ Erczz (E)

i=1

L)
1412
< (14 cy)r+ 2rc, 4+Z(E)

i=1
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==

11
< (14 9¢cy)r + 2re, Z (E)

i=1
< (1+ 11cy)r

by by

<1 b =— 1
=3 (because r 21+ 110) )

b, . . . .
SO Wiy, € N(w*,f). Now, if w, is chosen near to W*, then all wy, contained in

b,

N (w*, —} . Then from (16) we get:

Z dist(wy, W*) = Z dist(wy_y + P, W7)
k=0 k=0

- 245
=g Z dist(wy_, W*) 2 < o
k=0

Then

Z dist(wy, W*) < 4w from (16))
k=0

Which implies, due to Lemma 2.4, that:

Z”pk" =, Z dist(wy, W*) < 4. forall k
k=0 k=0
Thus

Z||pk|| <+
k=0

So, the sequence of weights {wy } is converges to some point W € W= It is clear that:

dist(wi, W) < dist(wy, + p,,, W) + [l

246

= cadist(wy,, W*) 2 + [l |l (from (16))

Then the above inequality implies that:
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dist(wy, W) < llpill + o ll = 2llpll -, v large k. (17)
Thus from (13), (16) and (17) we have:

Iosesll = 0 (llo 7))
Hence, {wy.} converges to the solution w € W*. Therefore, we have:

o ey, . gyl P +
lim —& —— = lim —£- = ¢,¢ €R
k=2 -l s E7 gl T

The above inequality shows {w;.} converges super linearly to the solution W, where
8 € [1,2) , and converges quadratically where & = 2,

If, J(w*) is a rectangular matrix or singular, then we use SVD of J(w*), (i.e. first type
of modification), Now, suppose that {w} converges to w* € W*, and take the SVD of the

J(w*), which is:

ﬂ'f - 0 0 0
=[* g . CI':-:" g - g V::-cl'_:Uj*-‘EfVl::-:lr
o - 0 0 - 0

Where oy = o = - =g, = 0andrank (Z;) =r.
Suppose that the SVD of J(wy, ) and its decomposition has the form:

f[Wk] =U.Z, Vkr

o llik}

e r

(%) Vi
r+l

= [Uk,P Uk,:’”k,:il) Viz

{ T
J?:f:; Vk,a

0
D _
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=Up1ZeaVier + Uiz ZieaViez + UpaZisVics (18)
Where Z1, 5z >0, D3 =0, rank (1) =7 andrank (£.2) =g = 0.

Now, we neglecting K in Z, ;, U,,andV,, | i=1, 2, 3. Consequently, (18) can be
written as:

Je = U1£1V1r + UQEQVQT

Now, to prove the quadratic convergence of the modification for LM algorithm (first
type).

Lemma 5.7

b,

If the hypothesis 2 is satisfied and w, EN (w*, —) , then we have:

@NUUTE N < Lyllw, — W, lI;

UL UTE, Nl < 2L, llwy, — we[%;

ONU,UTE, |l < Ly llwy, — w I
Proof

The result of (a) immediately follows by (11). From the hypothesis 2 (a), and theory of
matrix perturbation (see [28]) we get:

ldiag(Z, — £,%,Z,, 00l < I, = J*Il < Lyllwy, — we||
From the above relation, we get:
1z, — Il < Lyllw, — will and 1|1 2,1 < Ly llwy, — wel (19)
Lets, = —J; E, (20)

where ], is representing the pseudo inverse of J,, and s, is the least squares solution of min
IlE,, + J,. 5, |, now multiply (20) by /. from left side we get:

JieSie = — Tiid Ex
E,+J.5. =E.+ I (-JiE,)
= (I = JJi)E,
=(1-u,ul —U,UNE,
= U, UJE,
Then by taking [I-]| for two sides we have:

WU UTE, | = IE, + sl < NE, + J (W, — w )l
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< L,|lw, —w,_|I*. The proof (c) is completed.

Now let j, =u,Z,Vf, and 5, = —J7 E,. Since s, is the least squares solution of
min||E, + .5, ||, from (20) and (19) it follows that:

E, +].5.,=E. +J.(-JfE)
=({- }k}::]gk
= - U U])E,
= (UU7 + U3U35)E,
Then by taking |I-Il for two sides we have:
(Ul + U UDE, | = ||E, + .5
< ||Ee + Ui — Jie + J) (W —wi )|
< NE, + (W, — w)ll + || G = 1) (% — w) |
From (10) we get:
< Lylli%y — w2 + U2,V — (U 2V + U, Z, V) (W, —wi )l
= Lyllw, — wy |12 + 1 (U, 2, (%, —wy )l
= Ly Wy, — wilI? + 1 (U, Z,05) %, — w I
From (19) we have:
< Lyllw, —wilI* + Lllw, —w* |l lw, —w,ll
= 2L, |lw, —w*||?
Hence : (U, U + U,uD)E, |l < 2L, lw, — w*||?
By the orthogonal property of IJ, and U3, we get the result of (b).
U, UTE, |l = 2L,llw, — w*||%. The proof is completed.
Theorem 5.8

If the hypotheses 2 and 3 are satisfied and the sequence of the weights {wj.} which
generated by the modified Levenberg-Marquardt algorithm, then {w;_} converges quadratically to
the solution of equation (7).

Proof

The current iteration for search direction of modified LM algorithm is:
px = —Uel + m DL By
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Apply the SVD of |, ,as: [, = U,Z, VI, thenwe have:

P = _[(UkEkarjr(UkEkarj + Hy I]_l(UkEkaTjTEk

-1
VJ{EJir UJEUJ{ Ekvkr + kaf] ( szf U{]Ek
=1

Since U is orthogonal, i.e., U;* = U

= —(V,Zz V& +p 1) YV, I, UL )E, {since Z; = I,isadiagonal matrix}

-1
szkz Vkr + ppd (Vkvkr] ] [ Vi & U{]Ek
=I

Since V is orthogonal, i.e., V,-* = v
= V(2% Vi +md Vi )7H( Ve 2 UgE,
=—V.( Zf +m )t VIV, 5 U{E,
e
Hence,
P =—Ve( Zf + ) 5, UL E, (21)
Now when, J, = U, Z, Vi + U,Z,V7, then we have :
P =—Vi(ZF +pl )5 UJE, —V,(5F +p ) I, UTE, (22)
New, we need to prove [l(wy.; —w*)Il = a(llw, —w*[[%)

According to the Taylor expansion, the objective function ( energy function or error
function ) may be written as follows:

E(wyyq) = E(wy) + E.[Wk:][wk+1 —wy)+ 9[“’%]

= Ep + IuPr {since w;.; = wy + p }
Now we have:
E,+.p= E,
+ (U Z,Vf

+ U, %, zrj [_Vltgi +.”fk*rj_1 z U:Il.rEk _VE(E:: +kafj_1 X, UZ?-EJ{]

i L V1TV; (Zf +ul )72 UTE,
I
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—|Uidy VITV,.E (23 +ml )L ULE,

=]

o i

— |z Vi (Zf +ml )5 UTE,

0

0

-5V, (5} +p )5, ULE,
I

{ Since V is orthogonal, i.e., V;* =V and Vv V.=0,v k=i }

=E, ULy (Ef 4wl )5 UTE —UE, (5 +wI) ' L UJE,
By the SVD

= Uy (BF + el VUL B+ U, (BF 4w I )7US B + UUS B, (23)

Since {wy.} converges to w* super linearly, we assume that:

&

o.
Lyllw, —w*|l < Er s W sufficient large k. (24)

Then from (19) we get:

I (25 + e )7 = 22

From (12), we have:

1z, — 2%l < Ly llwy, — well

IZ 1+ 1Z ) < Ly llwy — wl

250l = Ly llwy — woll — 11247l

12,17 < (1251 = Ly llwy, — w*ll)?
1

(o — Lyllw, —w*I)?

Iz, 0172 <

From (24), we have:

- 1
Iz, lI72 < = (25)

Also, ZF +p = and ( Z2 +p 1) = uit
Then:
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I 23 4+ p I )7 < pit

(26)

From the inequalities (25) and (26) together with (14) and Lemma 2.7 we have:

4
|E; + Jupill = .“ka1F U B + iUy i Uj By + U3UTE,

Ca

7 e Uy U Ul E, +p,,{p:,{1 U,UT E, + U;UTE
r I 1

(because U is orthogonal , i.e., U_* = U])

From (14) we get:

T

From lemma (2.7) we get:

4 iy iy -
::?L21+¢||Wk_wglll+ﬁ +2L1||Wk_w$||.¢
L

4 o -
= (—ﬂLz“" + zz.i) lw,, — w*|l* 6 € [1,2]
(o

Let ¢, = —zL,1*% + 2L,, then we get

By + epill < cgllwy, — w12

From (2.28), we get

cydist(wy . W*) < [[E(w )l = IE(wy, + p )l
By Taylor series we have:

ey dist(Wyyy, W*) < B, + il + Lyl NI
From (27) and lemma (2.4) we get

< cyllwy, —w*lI* + 3L, [lw, —w* |2

= (g + 5L llwy — w7l

It follows from (17) and Lemma 5.4 that

gl = ol ll?)

LS llw, — w8 Lyllw, —w*ll + (U,UT + U,UD)E,

(27)

Which implies that the sequence of weight {wy. } converges quadratically to w*, namely,

|I(W;l{+j_ - WE‘:]" = ﬂ'(”wk - W$||2:]

The proof is completed.
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The Flowchart of modified Levenberg - Marquardt algorithm which explains the
implementation of the algorithm with the SVD for Jacobian matrix given in Figure (1).

Initialize training
Epoch=1

v

initialization network of weights and biases
hid
e

W wl'-"‘",bi with random values.

v

/ Present input pattern X & desired

output & feed-forward

Vv

Calculate actual output of hidden units &
output units and get eigenvalue A .

/4_

Epoch= Epoch+1

Y = Pure.!in[w?‘"(tamig(w?idx+ bi))]

v

Calculate Error
N

1
Epimse = EZ(}M— t,)*?
n=1

Adjust weights by SVD of J, = Up XV

-1
Wiess—wie—Vie( Ef +pl)  Z UL Eg

Adjust weights by:

H=J1J

Calculate

Wit = wy — [T+ pI[JTe
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Figurel: Flowchart of modify Levenberg-Marquardt algorithm
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