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Abstract. In this article we present and investigate the notion of modules which the 

intersection of any two  -coclosed submodules in it is again -coclosed, such 

modules, namely, modules with the  -coclosed intersection property. Many basic 

properties of  -coclosed submodules, and modules with the  -coclosed 

intersection property are given in this work.  
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1.  Introduction 
 

Throughout this article, all rings are associative with identity and all modules are unitary right      

R-modules, unless otherwise stated. A submodule N of a module M is said to be essential (briefly 

MN e ) if  for any nonzero submodule K of M [4]. For an R-module M, the set  

 is called a singular submodule. A module M is called singular 

if , and it is called nonsingular if  [4]. A submodule N of a module M is  

called C-singular (briefly MN cs ) if NM is a singular module. A submodule N of M is called           

 -small in M  (briefly N≪s M) if for any C-singular submodule K of M with MKN  implies 

MK  [8]. For MKN , , N is called  -coessential of K in M (briefly KN sce in M) if 

NK is -small in NM [6]. Clearly, every small submodule is -small, and hence every 

coessential submodule N of  K in M is  -coessential of  K in M.  A submodule N of M is called 

 -coclosed (briefly MN scc ) if, whenever KN  is singular and KN  is  -small in KM  for 

some NK   implies NK   [3]. In this work we introduce and investigate the concept of 
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modules with the     -coclosed intersection property, where an R-module M is called module has 

 -coclosed inte-rsection property if the intersection of any two  -coclosed submodules of M is 

again  -coclosed (briefly  -CCIP). This paper is structured in two sections. In section 1, we 

stated some well-known properties of C-singular,  -small,  -coessential and  -coclosed 

submodules, which needed in this work. In section 2, we present several general properties of 

modules with  -CCIP. We prove that for an  R-module M, if M has the  -CCIP, then for any 

decomposition BAM   and for  all ),,( BAHomR Ker  is  -coclosed in M. We will 

denotes   for all  . 

  

     Before anything, we will list some known properties of C-singular, -small,  -coessential and 

 -coclosed submodules respectively. 
 

Lemma 1.1 [4] Let M be an R-module and MN  . If MN e then MN cs . The converse is 

true, whenever M is nonsingular.  
 

Lemma 1.2 [8] Let M  be an R-module. Then the following hold.   

 

(a) Let NK  and L are submodules of a module M.   

 

     (i) If  K≪s N, then K≪s M.        

     (ii) If  N≪s M, then K≪s M.        

     (iii) N≪s M  if and only if  K≪s M  and KN  ≪s KM .   

     (iv) LN  ≪s M  if and only if  N≪s M  and  L≪s M .  

 

(b) If  K≪s M  and NM :  is a homomorphism, then )(K ≪s N .  

(c) If MMK ii   for )2,1( i , and 21 MMM  . Then 21 KK  ≪s 21 MM   if and only if    

1K ≪s 1M  and 2K ≪s 2M . 

 

Lemma 1.3 [5] Let M be a uniform (or singular) R-module and MN  . Then N≪M  if and only 

if  N≪s M. 

 

Lemma 1.4 [5] Let M , N  be an R-modules and let MCBA  . Then 
 

     (i) CB sce  in M  if and only if ACAB sce  in AM .  

     (ii) CA sce  in M  if and only if BA sce  and CB sce  in M.   

     (iii) Let NM :  be an epimorphism. If BA sce  in M  then )()( BA sce    in N. 
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Lemma 1.5 [5] Let M be an R-module, and let BA sce  in M. Then  
 

     (i)  If DC sce  in M , then DBCA sce   in M.  

     (ii) If MX  , then XBXA sce   in M. The converse is true if,  X≪s M.           

     (iii) If  X≪s M , then XBA sce  in M.  

 

   A module M is called  -supplemented if, for every submodule L of M, there exists a submodule 

K of M such that KLM   and KL ≪s K. In this case K is called  -supplement of L in M  

[6]. A module M is called weakly  -supplemented if,  for every submodule L of M, there exists   

a submodule K of M  such that KLM   and KL ≪s M . In this case K is called a weak         

 -supplement of  L in M [3]. 

 

Lemma 1.6 [3] For an R-module M and a submodule N of M. Consider the following statements.  
 

     (i)  N is a  -supplement submodule in M.  

     (ii) N is a  -coclosed submodule in M.                                                                 

     (iii) For all NX  and X≪s M implies X≪s N.  

Then )()()( iiiiii  . If N has a weak  -supplement in M, then )(i through )(iii  are equivalent. 

  

2.  Modules with the  -coclosed Intersection Property   

 

 

We begin by the following Proposition.  

 

Proposition 2.1 Every direct summand of a module is  -coclosed.  
 

Proof. Let M be an R-module and let N be a direct summand of M. For some MK  , 

KNM  . To prove that N is a  -coclosed submodule, let NX  with XN singular and 

XN ≪s XM , also XXKXNXKNXM )()(  , so by 3
rd

 isomorphism theorem, 

)()()( XKMXXKXM  . We claim that )( XKM  is singular. For any 

Mm , knm   for some Nn , Kk . Now, let )( Xnannr R  , XXnr  ; that is 

Xnr , but 

 XKmrrXKm )( XKXKkrnr  ,so )()( XKmannXnann RR  .Since 

XN is singular, RXnann eR  )( , so RXKmann eR  )( , hence )( XKM   is singular. 

But XN ≪s XM , so XXKXM )(  , then NKMXK  . To prove that NX  , 

assume MNx  , bax   for some Ka , NXb   then 0 KNabx , thus 

0bx , Xbx  , then XN   and hence XN  .                                                                   □  
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  Now, we present the following example. 
 

Example 2.2 Let 2ZZM   as Z-module, ZA )0,1(
_

  and ZB )1,1(
_

  are direct summands of 

M, so A and B are  -coclosed submodules of M  with )0(2
_

 ZBA . 

Take )0(4
_

 ZL , )0(4)0(2)(
__

 ZZLBA is singular, because for )( Lmannt R  , where 

BAm  , then )0(4
_

 ZLmt  which implies that Zt 2  and so that ZZLmann eR  2)( , 

hence LBA )(   is singular. On the other hand, LBA )(   is  -small in LM  but LBA  , 

thus BA  is not   -coclosed in M. 
 

     This example leads us to introduce the following.  
 

Definition 2.3 A module M is said to have the  -coclosed intersection property (briefly  -CCIP) 

if, the intersection of any two  -coclosed submodules of M is again  -coclosed. 
      

     The following Proposition, gives some properties of  -coclosed submodules. 
 

Proposition 2.4 Let M be an R-module and let MLK  .Then the following assertions hold.     
 

     (i)  If ML scc , then KMKL scc .  

     (ii) If ML scc  and  N≪s M, then NMNNL scc .  

     (iii) If MK scc , then LK scc . The converse hold whenever ML scc . 

 

Proof. )(i  Let KLKN sce  in KM and )()( KNKL  which is isomorphic to NL  is singular, 

so by Lemma 1.4, LN sce , also LN cs  which implies LN   and hence KLKN  .  
 

)(ii  Suppose that NNLNX sce )(   in NM  and XNLNXNNL  )()(   is singular, 

so by Lemma 1.4, NLX sce  , also XNL )(   is singular. Clearly, NXLX  )( , 

thus NLNXL sce  )( , but N≪s M , so by Lemma 1.5, LXL sce )( . Moreover, we have 

)( XLL   is singular, to prove this: for all XNLXnl  )( , we have RXnlann eR  ])[( , 

so RXlann eR  )( . But )()( XLlannXlann RR  , hence RXLlann eR  )(  for all 

Ll ; that is  XLL   singular. But ML scc , so LXL  , thus NLNXLX  )( . 

Therefore NNLNX )(  .   

)(iii  Assume that KX sce  in L  and KX cs , so XK ≪s XL  and XK  is singular. Thus 

XK ≪s XM and XK  is singular; that is KX sce in M and KX cs . But MK scc , so 

XK   and hence LK scc . Conversely, let ML scc . Assume that XK ≪s XM and XK  is 

singular. Since LX  , then by )(i , XMXL scc  and hence by Lemma 1.6, XK ≪s XL , but 

LK scc , thus XK  .                                                                                                                 □                                                                                                                                                     
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Lemma 2.5 Let M and N  be R-modules with NM :  be an R-epimorphism. If M is weakly 

 -supplemented, then N also is weakly  -supplemented . 
   

Proof. Let ,NX   then MX  )(1 . Since M is weakly  -supplemented, so there exists 

MB  such that MBX  )(1 and BX  )(1 ≪s M , then NBX  )(  and )(BX  ≪s 

N, this  proving that N is weakly  -supplemented.                □  

     

Corollary 2.6 If M is a weakly  -supplemented module and MB  , then BM  is also weakly 

 -supplemented. 
 

Proof. It follow directly by taking the natural epimorphism BMM : .                                 □            

 

Note: If M and 'M are two R-modules, MA and 'MB  such that A≪s M  with BA   then it is 

not necessary that B≪s
'M , as example: consider the Z-modules Z , Q and let QZA  , 

ZZB  . It is clear that ZA   is a small submodule of Q, so it is  -small in Q with BA  , 

but ZB   is not  -small in Z. 

 

     However, we consider the following condition (t) for R-modules M , 'M : 
 

- If MA  and 'MB  such that  A≪s M  with BA    implies  B≪s 
'M …(t)   

 

Proposition 2.7 Let M be a weakly  -supplemented R-module which satisfying condition (t), and 

CB   are submodules of M. If BMBC scc  and MB scc , then MC scc .        
 

Proof. Since M is a weakly  -supplemented module, then by Corollary 2.6, BM  is also weakly              

 -supplemented. Since BMBC scc  and MB scc , then by Lemma 1.6, BC  and B are  -

supplement submodules in BM  and M respectively. We have  to show that C  is a  -

supplement in M. Suppose BC  is a  -supplement of BC '  in BM  and B is a  -supplement of 

'B  in M. Then BCBCBM '  and BCCBCBC )( ''  ≪s BC , also 'BBM  such 

that 'BB ≪s B . Clearly, 'BB ≪s C . We claim that C is a  -supplement of 
'' CB   in M. To 

prove this assertion, notice that '')( BCCM   and 
'CCM   , so by [2, Lemma 1.1.6], 

)( '' CBCM  .Now, )()( '' BCBBBCC   and BCC ' ≪s BC ,but 'BBM  ,  

so by [7, Lemma 3.15],
B

CC

BB

BCC '

'

'')( 





. By condition (t), 

'

'')(

BB

BCC




≪s 'BB

C


 but 

'BB ≪s C  implies '')( BCC  ≪s C , thus C is a  -supplement of 
'' CB   in M  and hence 

by Lemma 1.6, C  is  -coclosed in M.                                                                                                      □ 

                            

     Next we shall give some results about modules with the  -CCIP, but first we need the 

following. 
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Definition 2.8  A  -coclosure of a submodule B of a module M is a  -coessential submodule of 

B in M which is also a  -coclosed submodule of M. 
 

     Notice, a  -coclosure of a submodule of a module may not always exists, also if it exists then 

it is not unique, for example: in Z-module Z, 2Z has no  -coclosure.  

 

Definition 2.9 A module for which every submodule has a unique  -coclosure  is called a unique 

 -coclosure module or U CC.  

 

Theorem 2.10 Let M be a singular R-module and MA . Then A is  -coclosed in M if and only 

if A is coclosed in M. 
 

Proof. Let MA scc . To prove MA cc , assume AB    and BA ≪ BM , then BA ≪s BM . 

Since M is singular, so A is singular and hence BA is singular. Thus, we have AB sce  in M  and 

AB cs , but MA scc these implies BA  . Conversely, let AL   such that LA is singular and 

LA ≪s LM . Since M  is a singular module, so LM  is also singular and hence by Lemma 1.3, 

LA ≪ LM . But MA cc , thus LA  .                                                                                   □      

                                                  

Corollary 2.11 Let M be a singular R-module and let MBA  . Then A is a  -coclosure of B 

in M if and only if A is a coclosure of B in M.  
 

Corollary 2.12 Let M be a singular R-module. Then M has the  -CCIP if and  only if M has the 

CCIP. 
 

Theorem 2.13 Let M be a uniform R-module, MN  . Then N is  -coclosed in M if and only if 

N is coclosed in M. 
 

Proof. If MN scc . Suppose NA   such that AN ≪ AM , so AN ≪s AM .  By Lemma 1.1, 

AM  is singular, so AN  is singular, this mean A is  -coessential of N  in M and A is C-singular 

of N, but MN scc  thus NA  . Conversely, assume that NK   such that KN  singular and 

KN ≪s KM . Since MK  , then MK e , again by Lemma 1.1, KM  is singular. On the 

other hand, small and  -small are coincide in a singular module, by Lemma 1.3. So, we have   

KN ≪ KM , but MN cc  so this implies NK  .                                □  

 

     By applying the previous Theorem, in the Z-module Z, the coclosed and the  -coclosed 

submodules are coincide, and hence Z as Z-module has the  -CCIP. 

 

Corollary 2.14 Let M be a uniform R-module and let MNL  . Then L is  a  -coclosure of  N 

in M  if and only if  L is a coclosure of N  in M.   
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Corollary 2.15 Let M  be a uniform R-module. Then M has the  -CCIP if and only if M has the 

CCIP. 
 

Proposition 2.16 Let M be an R-module. If M has the  -CCIP, then for every decomposition 

BAM   and for all ),,( BAHomR Ker  is  -coclosed in M.  

Proof. Assume BAM   has the  -CCIP and BA:  is an R-homomorphism. Consider the 

set }:)({ AaaaS   . It is easy to see that BSM  , as follows: let Mx  then bax   

where Aa , Bb . Now, we can say BSbaaax  )()(  , thus BSM  . Let 

BSp  , )(aap   where Aa , Bp  then 0)(  BAapa  , so 0a , implies 

0)(  ap  , thus 0BS  and hence BSM  . So each of A  and S  is a direct summand  

of M  and hence A , S  are  -coclosed submodules of M. Therefore SAKer   is  -coclosed 

in M.                                                                                                            □ 

 

    The following Proposition and Corollary give a characterization for modules with the  -CCIP. 
  

Proposition 2.17 Let M be an R-module. Then M has the -CCIP if and only if for any MN scc , 

N has the  -CCIP.  
 

Proof. If M has the  -CCIP. Suppose that 1K , 2K  are two  -coclosed submodules of  N, but 

MN scc , so by Proposition 2.4 )(iii , 1K  and 2K  are  -coclosed in M , hence MKK scc 21 . 

Since MNKK  21 , again by Proposition 2.4 )(iii , NKK scc 21 . Conversely, it follows by 

taking MN  .                                                                                                            □                                                                                               

 

Corollary 2.18 Let M be an R-module. Then M has the  -CCIP if and only if every direct 

summand of M has the  -CCIP. 

 

Remark 2.19 The direct sum of modules with the  -CCIP may not have the -CCIP, see 

Example 2.2.  

     The next Proposition give a condition under which the direct sum of modules with the  -CCIP 

is again has the  -CCIP. Before this result, we give the following Lemma.  
 

Lemma 2.20 Let 21 MMM  , where 1M , 2M  be two R-modules with RMannMann RR  21 . 

Then a submodule K of M is  -coclosed if and only if, there exists  -coclosed submodules 1K  of 

1M , and 2K  of 2M  such that 21 KKK  .  
 

Proof. Assume K is  -coclosed of  21 MMM   with RMannMann RR  21 , so by [1, Prop 

4.2], we get 21 KKK   for some 11 MK   and 22 MK  . By Proposition 2.4, we have 

112 KMKKK scc , but 2111211 )()0( MKMKMMKM   and 22 MK  , so by 

Proposition 2.4 )(iii , 22 MK scc . Similarly, 11 MK scc . Conversely, let KL cs  and KL sce , to 

prove that KL  , where 21 KKK   and 1K , 2K  are  -coclosed submodules of 1M , 2M  
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respectively. Since ML   and RMannMann RR  21 , then 21 LLL   for some 

11 ML  , 22 ML  . But LK  is singular ,so 
21

21

LL

KK




 = 

2

2

1

1

L

K

L

K
  is singular, thus each of 

11 LK , 22 LK  is singular; that is 11 KL cs   and  22 KL cs . On the other hand, LK ≪s LM , 

thus 
2

2

1

1

L

K

L

K
  = 

21

21

LL

KK




≪s

21

21

LL

MM




=

2

2

1

1

L

M

L

M
 , so by  Lemma 1.2, 11 LK ≪s 11 LM  and  

22 LK ≪s 22 LM ;  that is 11 KL sce  in 1M  and 22 KL sce  in 2M , but both of 1K  and 2K  is  -

coclosed in 1M , 2M  respectively , so 11 KL   , also 22 KL  , and hence KL  .                                   

□                                                                                                                                              
 

Theorem 2.21 Let
21 MMM  be an R-module such that RMannMann RR  21

. Then M has 

the  -CCIP, whenever 1M  and 2M  has the  -CCIP.   

Proof. Suppose 1L , 2L  are two  -coclosed submodules of  21 MMM  , then by Lemma 2.20, 

111 BAL  , 222 BAL   for some 21, AA  are  -coclosed in 1M  and 21, BB  are  -coclosed in 

2M , so by  -CCIP of 1M  and 2M  respectively, we get 121 MAA scc  and 221 MBB scc . 

Thus again by Lemma 2.20, we get  )( 21 AA 2121 )( MMBB scc  ; that is MLL scc 21  

and hence M  has the  -CCIP.                                                        □                    

       

Proposition 2.22 Let M be a weakly  -supplemented R-module which satisfying condition (t). 

Then M has the  -CCIP if and only if AM  has the  -CCIP, for all MA scc .  
 

Proof. If M has the  -CCIP. Assume AL1  and AL2  are  -coclosed submodules of AM . 

Since MA scc , so by Proposition 2.7, 1L  and 2L  are  -coclosed submodules of M, but M has 

the  -CCIP, then MLL scc 21 and so by Proposition 2.4, we have AMALL scc )( 21 ; that 

is AMALAL scc )()( 21 . Hence AM  has the  -CCIP, for all MA scc . Conversely, it 

follows by taking 0A .                                                                                      □ 
 

     By combining Proposition 2.17, Corollary 2.18 and Proposition 2.22, we get the following 

result. 
  

Proposition 2.23 Let M be a weakly  -supplemented R-module which satisfying condition (t). 

Then the following statements are equivalent.  
 

     (i) M has the  -CCIP.        

     (ii) For all MA scc , A has the  -CCIP.          

     (iii) For all MA  , A has the  -CCIP.          

     (iv) For all MA scc , AM  has the  -CCIP.          
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     Now, we turn our attention to the behavior of modules with  -CCIP under localization. 

However we need the following Lemmas.   

 

Lemma 2.24  Let M be an R-module and let S be a multiplicative closed subset of R, then 

)())(( 11 MSZMZS   . The reverse inclusion hold if, M is singular. 

Proof. Let ))((1 MZS  , so there exists )(MZm , Ss  such that sm . Since )(MZm , 

Rmann eR )( , but it is clear that )()( smannmann RR  , so Rann eR )( , thus )( 1MSZ   

and so that )())(( 11 MSZMZS   .Conversely, if M is singular; that is MMZ )( , then 

)( 11 MSZMS   . On the other hand, we have )()( 11 MSMSZ   . Thus MSMSZ 11 )(    and 

hence MS 1
 is a singular as R-module.                                                     □                                                          

Lemma 2.25 Let M be an R-module, MN  and let S be a multiplicative closed subset of R. 

Consider MS 1
 as an  R-module. If  N  is C-singular in M, then NS 1

 is C-singular in MS 1
.  

Proof. As N is C-singular, NM is singular, hence by previous Lemma, )(1 NMS   is singular. 

But NSMSNMS 111 )(   , thus NSMS 11   is singular and hence NS 1
 is C-singular in 

MS 1
.                                         □ 

      

     Now, we consider the following condition (c) for an R-module M. 

 

- For MNL  , LS 1
 is C-singular in NS 1

 implies  L is  C-singular in N…(c)           
 

Lemma 2.26 Let M be an R-module, MN  and let S be a multiplicative closed subset of R     

such that condition (c) hold. Then N  is  -coclosed in M as R-module  if and only if NS 1
 is      

 -coclosed in MS 1
 as R-module, provided BSAS 11    iff BA   for all MBA , . 

Proof. Let MN scc . Assume MSNSLS cs

111    and 
LS

NS
1

1





≪s 
LS

MS
1

1





. By condition (c), 

NL cs . We can prove 
L

N
≪s 

L

M
, to see this: let 

L

M

L

W

L

N
 , where 

W

M

LW

LM
  is singular; that 

is MW cs . By previous Lemma, MSWS cs

11   ; that is 
WS

MS
1

1





 singular. On the other hand, 

 









)()( 11

1

1

1

1

L

W
S

L

N
S

LS

WS

LS

NS
 )(1

L

W

L

N
S

LS

MS

L

M
S

1

1
1 )(




  ,but

WS

MS

LSWS

LSMS
1

1

11

11









 is singular 

and 
LS

NS
1

1





≪s 
LS

MS
1

1





, hence 
LS

MS

LS

WS
1

1

1

1









 , so MSWS 11    and by hypothesis MW  , thus 

L

M

L

W
 . Therefore  

L

N
≪s 

L

M
, but MN scc , so LN   and hence LSNS 11   . Conversely, 
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assume that NS 1
 is  -coclosed in MS 1

 as R-module. Let NA cs  and 
A

N
≪s 

A

M
, thus         

by previous Lemma, NSAS cs

11   , also we can prove 
AS

NS
1

1





≪s 
AS

MS
1

1





 as follows: let 

AS

MS

AS

WS
cs 1

1

1

1









  such that 
AS

MS

AS

WS

AS

NS
1

1

1

1

1

1













 , thus 
WS

MS

ASWS

ASMS
1

1

11

11









  is singular; that      

is MSWS cs

11    and so by condition (c), MW cs , thus 
W

M
 is singular. Also, we have 

AS

MS

AS

WNS

AS

WSNS
1

1

1

1

1

11 )(


















, so MSWNS 11 )(   , and by hypothesis, MWN  , so 

A

M

A

WN

A

W

A

N



 . But, 

A

N
≪s 

A

M
 and 

W

M

AW

AM
  is singular, so 

A

M

A

W
  which implies 

AS

MS

AS

WS
1

1

1

1









 . Thus 
AS

NS
1

1





≪s 
AS

MS
1

1





, but MSNS scc 11   , so ASNS 11   . By hypothesis, we  

get AN  .                                                          □  

              

Proposition 2.27 Let M be an R-module and  S be a multiplicative closed subset of  R such that 

condition (c) hold. Then M has the  -CCIP as R-module if  and only  if MS 1
 has the  -CCIP 

as R-module, provided BSAS 11    iff BA   for all MBA , . 

Proposition 2.28 Let M be an R-module such that condition (c) hold. Then M  has the  -CCIP as 

R-module if  and only  if PM  has the  -CCIP as R-module, for all maximal ideal P of R. 

 

     Next, we will show that under certain class of modules, an R-module M has  -CCIP if and 

only if MS 1
(as R-module) has the  -CCIP, but first we prove the following results. 

  

Lemma 2.29 Let M be a prime R-module and let S be a multiplicative closed subset of R with 

SMannR )( , then )())(( 11 MSZMZS   . 

Proof. By Lemma 2.24, we have )())(( 11 MSZMZS   . Let )( 1MSZsm  , 0m , then 

Rsmann eR )( . We claim that )()( smannmann RR  , to see this: let )( smannr R  then 

10)(  rsmsmr , so there exists St  such that 0mrt , thus Mannmannrt RR  )( . Since 

M is a prime R-module, either Mannr R or Mannt R . If Mannt R , so SMannt R  )(  which 

is a contradiction. Thus Mannr R , hence 0mr ; that is )(mannr R , so )()( smannmann RR  , 

then Rmann eR )( , hence )(MZm , so ))((1 MZSsm  .Thus ))(()( 11 MZSMSZ   , and so 

the result is obtained.                                                                                        □                  
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Corollary 2.30 Let M be an R-module, and N be a prime submodule of M. Let S be a multiplicative 

closed subset of R. If  SMN R ):(  then )())(( 11

N

M
SZ

N

M
ZS   . 

 

Corollary 2.31 Let M be an R-module, and N be a prime submodule of M. Let S be a multiplicative 

closed subset of R with SMN R ):( . Then MN cs  if and only if MSNS cs

11    as         

R-module, provided BSAS 11    iff BA   for all MBA , . 

Proof. Let MN cs , so by Lemma 2.25, MSNS cs

11   as R-module. Conversely, assume that 

MSNS cs

11   ,thus 
NS

MS
1

1





 is a singular module; that is 
N

M
S

NS

MS

NS

MS
Z

N

M
SZ 1

1

1

1

1
1 )()( 








  . 

On the other hand, by previous Corollary, )())(( 11

N

M
SZ

N

M
ZS   ,so we get 

N

M
S

N

M
ZS 11 ))((   . 

Thus by hypothesis, we get  
N

M

N

M
Z )( ; that is 

N

M
 singular and hence MN cs .             □ 

 

     Now we can get our next result.  

 

Corollary 2.32 Let M  be a fully prime R-module (i.e. every proper submodule of M is prime), 

and let S be a multiplicative closed subset of R such that SMN R ):( , for all proper 

submodule N of M. Then M has the  -CCIP as R-module if and only if MS 1
has the  -CCIP as  

R-module, provided BSAS 11    iff BA   for all MBA , .  
 

Proof. By Corollary 2.31, the condition (c) hold and hence the result follows directly by Lemma 

2.26.                                         □  

 

 

Conclusions   

 

The notion of modules with the  -coclosed intersection property ( -CCIP) gives many of good 

basic properties. As an example of main result, we proved that for an  R-module M, if M has the 

 -CCIP, for any decomposition BAM   and for all ),,( BAHomR Ker  is  -coclosed in 

M. Several important results about this concept are obtained in this work.   
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